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ABSTRACT 
We shall give upper bounds for the sets of minimal numbers of involutary 
factors of elements in the general linear group G&(Z) and the special linear 
group SL,(Z) over the ring of rational integers 2 = (0, f 1, ~t2, . .} for n > 2, 
respectively. 
INTRODUCTION 
Let 2 = (0, fl, Ilt2,. . .} be the ring of integers. All matrices treated 
here have their entries in 2. The letter I denotes the identity matrix with 
dimension determined by the context. If A is an n x n matrix, JAI is the 
determinant of A. 
The special linear group S&(Z) of rank n over 2 is the group of all 
n x n matrices A with IAl = 1. By ?&L,(Z) we indicate the group of 
all n x n matrices A with IAl = &l. Since {fl} are the only invertible 
elements in 2, the group +SL,(Z) coincides with the general linear group 
GL, (Z), which is defined as all n x n invertible matrices. 
An elementary matrix in GL,(Z) is a matrix with all diagonal entries 
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equal to 1 and at most one other nonzero entry. An involuntary matrix, or 
simply an involution, is a matrix A such that A2 = I. 
In 1984 David Carter and Gordon Keller [l] showed that every n x n 
matrix A in SL,(Z) with n > 2 is a product of at most $(3n2 - n) + 36 
elementary matrices. 
As we see on line -3 of p. 251 in Gustafson [4], GLn(Z) = fSL,(Z) 
is generated by all involutions. Therefore we may treat the factorization 
problem for GL,(Z) by involutions in a similar way to SL,(Z) by elemen- 
tary matrices. Indeed, in this paper we shall obtain an upper bound on the 
number of factors needed to express all elements in GL,(Z) and SL,(Z) 
as a product of involutions. The results are as follows: 
THEOREM 1. Let n > 2. Then any element in GL,(Z) is a product 
of 3n + 9 or fewer involutions in GL,(Z). In particular, every matrix in 
GLs(Z’) can be written as a product of at most 18 involutions in GLs(Z). 
THEOREMS. Let n > 2. Then any element in SL,(Z) is a product of 
3n + 9 or fewer involutions in SL,(Z) ‘f a n is odd, and 3n+ 11 or fewer if n 
is even. In particular, every matrix in SLs(Z) can be written as a product 
of 20 or fewer involutions in SLs (Z) . 
We notice that for an arbitrarily given natural number m there exist 
elements in GLz(Z) or SL2 (Z) which cannot be expressed as a product 
of less than m involutions in GLz(Z) or SLs(Z), respectively. As we see 
from this fact, there is no upper bound for the set of minimal numbers of 
involutary factors of elements in GLz(Z) and SLz(Z). 
PROOF OF THEOREMS 
First we prove Theorem 1. If A is in GL,(Z), then At denotes the 
transpose of A. Transpose and inverse are anti-automorphisms of GL,(Z) 
which map elementary matrices to elementary matrices and involutions to 
involutions. Also, the conjugate of an involution by an element in GL,(Z) 
is an involution. 
If one or several multiplications by elementary matrices and involutions 
are performed beginning with the matrix A and ending with the matrix B, 
we say that A is transformed to B by these multiplications. 
For E = &1,&i = fl, and any ai in Z, the following are all involutions 
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in G&(Z): 
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[ .‘. &7X 1. 
El 
I 
--E al ... a, 
& ... I7 E 
E2 
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El 
E2 
-& 
al 1: an 
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& 1. 
LEMMA 1. Letn>2. If(al,a2,...,a,)=l,thenforsomerinZwe 
have (a2 + ral, as,. . . , a,) = 1. 
Proof. First let n = 3, and a = al, b = a2, and c = as. Choose d such 
that (d) = (b,c), and write b = db’, c = dc’. Then (a,d) = 1. Let T be a 
product of all prime numbers p such that p 1 c’ and pd (if there is no such 
p, then let r = 1). Then (b + ra, c) = 1. 
Next let n > 3. Let (d) = ( as, ad,. , a,). Then (ai, a2, d) = 1. Hence, 
forsomerinZwehave(as+-raI,d) = l,andthus(az+rai,ag,...,a,) = 1. 
??
Lemma 1 shows that 2 has stable rank 3. 
Let A = {aij} b e an element in GL,(Z’) with (Al = E E {*l}. By 
Lemma 1 there is an r in 2 such that (ai2+rari)Z+aisZ+. . .+al,Z = Z. 
So we may choose 1-2, . . . , r, in Z such that (ais + rair)rz + a13r3 + . . + 
alnrn = --E + all. Then for 
El = 
1 r 
1 1 I and E2 = . . 1 
-1 
7-2 1; rn 
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we have 
I--E bz 
c2 
AE1E2 = 
1 . Gl 
for some {bz,. . , bn} and {cz,. . . ,c,} in 2 
-1 Eb2 ... Eb, 
Es = and Ed 
then we have 
An-1 = E4AE1E2E3 = 
= 
. . bn 
* ! 
Therefore if we set 
& 
-c2 -& 1; I . . -C?l -& 
and IAn_1l = (-E)n+l. 
Then A,_1 = EaA(ElEzEFl) (ElEs) with involutions E1E2Er1, ElE3, 
and Ed. Repeating this, we have A = A,,A,_1,An_2, . . . , A2 = B with 
1 
. . 
B= .1 , 
a b 
c d 
where IAi-11 = (-IAij)2+1 for i = n,n - 1,. . . ,3. Hence, IBI = 1, and A 
can be transformed to B by 3(n - 2) involutions. 
Let n = 2. We note that if El and Es are elementary matrices, then 
ElE2 is a product of two involutions. Indeed, if we set 
D= 
-1 0 
[ 1 0 1’ 
then ElE2 = (ElD)(DEz) with involutions ElD and DE2. 
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LEMMA 2. Let 
H=a b 
[ 1 c d
by any element in S&(Z) with b - 3 mod 4. Then H can be transformed 
by a product of two involutions in GLz(Z) to 
Kz u ’ 1 1 4 v with IKI = 1, 
wherep,q are positive primes, $(p- 1) is odd, and ($(p- l),q- 1) = 1. 
Proof. Since b = 3 mod 4, b is odd. Hence (b, 4d) = 1. Therefore, 
Dirichlet’s theorem on primes in arithmetic progressions guarantees the 
existence of r in Z such that 
p = b + 4dr 
is a positive prime. By the choice of b, i(p - 1) is odd. 
Let 
E=lk 1 
[ 1 0 1. 
Then 
Since 1 = IHI / = ud - pc, we have -ud + c = -c(p - 1) - 1. From this and 
(u, c) = 1, we have ($(p - l)u, -ud + c) = 1. Therefore, for some s in 2 
we have a positive prime 
q= $(p-l)us-ud+c. 
Since ud - pc = 1, 
q - 1 = ;<p - l)(us - 2c) - 2. 
Hence, i(p - 1) and q - 1 are relatively prime. 
Thus, for m = i(p - 1)s - d, if we set 
then we have K = E2ElH. Since E2E1 is a product of two elementary 
matrices, it is a product of two involutions. ??
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LEMMA 3. Let e be any positive integer, and 
M= i f i] and N= [E a: !] 
be in SLs (2). Then there are ten involutions El, Ez, . . . , El,-, in GLs(Z) 
with 
Me = E1,,EsNE1EzEsE4EsE6E7Es. 
In particular, if b is a prime number and 2e is a multiple of 1 bl - 1, then 
Me is a product of six involutions in GLs(Z) and one involution 
-1 0 0 
F= [ 0 1 0 0 0. 1 1 
Proof. Let 
Then, by the 
conclude that 
Hz a b 
[ 1 c d’ 
Cayley-Hamilton theorem and mathematical induction, we 
there exist integers f and g with H” = fI + gH. Thus, 
Since H and hence H” are triangular if considered mod b, it is obvious 
that f + ga c ae mod b. So we may write f + ga = ae - bh for some integer 
h. Then for some integer s and 
we have 
NEl= [i -f$,. !]. 
Now, 1 = det He = det gH = g2 mod f. So f divides g2 - 1. Write 
f = f+.f- 
Hence, 
E2E3E4E5E6 = 
and 
Thus 
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with 
gtl =jff and g - 1 = kf- 
for some integers j and k. Set 
1 0 0 
Then El,Ez,..., ET are all involutions and 
&Es= [H ;A “I, &&= [+ ;_ j, 
and so * 
E2E3E4E5 = -f: ; -k . [ I f0 9 
C = NE1E2E3E~E5E6E7 = 
1 * * 
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Hence, for some integer a, b 
-1 
[ 0 
(Y p 
Es = 1 0 0 0 1 1 
is an involution and 
* * * 
CEs = 0 f+ga gb . 
-1 gc 1 f+d 
Therefore, for some integer y we have 
Since the determinant of the left hand side is -1 and lHel = 1, observing 
the expansion of the determinant of the right hand side with respect to the 
first column, we see that 
This guarantees the existence of some integer 6 such that 
[ 0 01 160 1 0 I[ -1 0 f +ga gc * f+gd gb * 1 = [ -1 0 f + gc 0 ga f+gd b 0 1 . 
is also an involution, and for an involution 
-1 
[ 0 
0 0 
Go = 1 -1 0 0 1 1 
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we have E10E&‘E8 = M”, i.e., 
M” = EloE9NE E E E E E E E 1 2 3 4 5 6 7 8. 
Now, let lb1 = p be a positive prime number and 2e a multiple of p - 1. 
Then, since ap-’ s 1 mod p, for some integer c we have 
ae + bc = E, E E {kl} 
Therefore, if we set 
then for some z we have 
Since INI = 1, we get z = 1. Hence, El3 is an elementary matrix and 
N = EI~EI~EII. Thus, 
M”=E 10 9 13 12 11 1 2 3 4 5 6 7 8. EE E E EEEEEEEE 
By an easy calculation 
Me = Elo[Eg(E13E12E,1)(E13EllE1E2){E3(E4E~E4) 
x (E4E6E7E3)E3}Eg](EgEBF)F 
for -1 0 0 
F= 
[ 1 0 1 0. 0 0 1 
Since EIO, E12, E13, EII, El, E2, ES, E4EcE7E3, EgEsF, and their con- 
jugates are all involutions in GL3(2) we conclude that Me is a product of 
six involutions and F. w 
Summarizing these results, we can now prove our theorems. By the 
notation 
X&Y 
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we mean that X can be transformed by r involutions to Y. 
As we have already shown, we have 
A 3n-.6 B. 
where A is any element in GL,(Z) and B an element in ,515, (2) of the 
form 
1 
-I 
. . 
B= 1 . 
a b 
c d 
Further, if we assume that b E 3 mod 4, then by Lemma 2 we have 
u 
Q 
P 
V 
with ILI = 1, 
where p, q are positive prime numbers, f (p - 1) is odd, and (+ (p - 1)) (q - 1) 
= 1. Therefore, for 
if we show M 2 I, then we shall have 
Since (+(p - l), q - 1) = 1, there are integers h and k with 
;(p - 1)h - (q - 1)k = 1. 
So, setting er = $(p - 1)h and e2 = (q - l)k, we have 
M = M”‘M-“2. 
Applying Lemma 3, we have 
4 
Me1 = FlF2F3F4F5F6F 
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for involutions Pi, . . , Fe in GLs (2) and 
-1 0 0 
F= [ 0 1 0 1 . 
0 0 1 
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Since 
(&f-y = [(M-‘)y = [_; -3e2 ) 
again applying Lemma 3, we have 
M-@ = FK6K5K4K3K2K1 
for involutions K1, . . . , Ks in GLs(Z) and F. Since F2 = I, we see that 
M = M”lMpez is a product of 12 involutions, which was to be shown. 
Thus, we have proved that B 2 I and so A 3n+8 I under the assumption 
that b F 3 mod 4. Since 
B-’ zz 
d -b 
-c a 
if b E 1 mod 4 then the above argument is valid for B-l, and we have also 
B -% I. Hence, for any b odd it holds that A 3n+8 I. 
If b is even, then a must be odd, and a multiplication by one involution 
will make b odd, which implies B 2 I for b even, and so A 3* I for b 
even, which completes our proof of Theorem 1. 
Next we prove Theorem 2. Let A be in SL,(Z). By Theorem 1, A is 
a product of 3n + 9 involutions Ji, Jz, . . . , &+g, in GL,(Z) = fSL,(Z). 
Therefore, the number of Ji’s with determinant -1 must be even. 
Suppose n is odd. Then 1 - II = -1, and for any pair {i,j} with 
lsi<js3n+9and 
l&l = -1 = 1531 and IJhl = 1 for i < h < j, 
we have 
A = . ..[Ji(-I)] [(-I)&+1 YJ~-~(-I)] [(-I)Jj]. . . . 
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Since J,(-I),Jj(-I) and (-I)Jh(-I) f or i < h < j are all involutions in 
SL,(Z), repeating this, we see that A is a product of 3n + 9 involutions in 
SL,(.q. 
Now we treat the case where n is even. Let A = {aij} with (Al = 1. By 
Lemma 1 we have T in 2 such that (urs + rarr)Z + ala2 + . . . + aln.Z = 2. 
Choose ~2, . . . , T, in 2 such that (arz+rarr)rz -arsrs+ar4r4+. . .+al,r, = 
1 + all. Then, for 
we have 
1 b, . b, 
c2 
AEIEz = 
[_ 
* 
CTI 1 
(1 
1 
for some {bi} and {ci} in 2. Therefore, if we set 
-1 -b2 . . . -b, 
1 
E3 = I I and E4 = . . 1 
then 
-1 
-cg 1 
. . 
-c, . I1 1 
1 0 ... 0 
0 
A,_1 = E4AE1E2E3 = . 1: I and JA,_l/ = 1. * 0 
F’urther, 
An-1 = (E4AE~‘)(E4E2)(E~lE1Ez)(E3E4Ez)(E4Ez)-’. 
Since El is an involution in SL,(Z), and since E3E4E2 is a product of four 
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involutions in SL,(Z) by an easy factorization 
-1 * 
1 
EsEdE2 = 
= 
-1 * 
1 
1 
1 
I 1 
X 
I .” - -C - 
r 
-1 
* 
* 
1 0 
1 
1 
1 
-b 
-1 
-1 
177 
-11 
with b = -b, and c = -c, + T,, we conclude that EaAET’ can be trans- 
formed to A,_ 1 by five involutions in SL, (2). 
Finally, since \A,_11 = 1 and n-l is odd, it is a product of 3(n-1)+9 = 
3nf6 involutions in SL,_I(Z). Thus, A is a product of 3n+6+5 = 3nfll 
involutions in SL,(Z), which completes the proof for Theorem 2. 
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